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Abstract

We describereal-time,physically-basedsimulationalgorithmsfor
hapticinteractionwith elasticobjects. Simulationof contactwith
elasticobjectshasbeenachallengedueto the compleity of phys-
ically accuratesimulationandthe dif culty of constructinguseful
approximationsuitablefor realtimeinteraction.We shav thatthis
challengecanbe effectively solved for mary applications.In par
ticular global deformationof linear elastostatiobjectscanbe ef -
ciently solved with low run-time computationalkosts,using pre-
computedGreens functions and fast low-rank updatesbasedon
CapacitanceMatrix Algorithms The capacitancematricescon-
stitute exact force responsemodels, allowing contactforces to
be computedmuchfasterthan global deformationbehaior. Ver-
tex pressue masksare introducedto supportthe convenientab-
stractionof localizedscale-speci cpoint-like contactwith anelas-
tic and/orrigid surfaceapproximatedy a polyhedralmesh. Fi-
nally, we presentseveral examplesusing the CyberGlae™ and
PHANToM™ hapticinterfaces.

1 Introduction

Discrete linear elastostatic models (LEMs) are important
physically-basedelastic primitives for computerhapticsbecause
they admit a very high-degree of precomputationpr “numerical
compression”[1], in a way that affords cheapforce response
modelssuitablefor force feedbackenderingof stiff elasticobjects
during continuouscontact. The degree of useful precomputation
is quite limited for mary types of nonlinearand/or dynamical
elastic models, but LEMs are an exception, mainly due to the
precomputability of time-independentGreens functions (GFs)
andthe applicability of linear superpositiorprinciples. Intuitively,
GFs form a basisfor describingall possibledeformationsof a
LEM. Thus,while LEMs form a relatively simple classof elastic
modelsin which geometricandmateriallinearitiesarean ultimate
limitation, thefactthatthe modelis linearis alsoa crucialenabling
factor We conjecturethat LEMs will remain one of the best
runtime approximationsof stiff elastic models for simulations
requiringstablehigh- delity forcefeedback.

A centralideafor LEMs in computerhapticsis the formulation
of theboundaryalueproblem(BVP) solutionin termsof suitable
precomputedsFsusing CapacitanceMatrix Algorithms(CMAS).
Derived from the Sherman-Morrison-\bdtury formula for low-
rankupdatingof matrixinversegandfactorizations)CMAs have a
long historyin linearalgebra[30, 16], wherethey have beencom-
monly usedfor staticreanalysig22], to ef ciently solve LEM con-
tactmechanicgproblemq12, 25 andmorerecentlyfor interactve
LEM simulationg6, 21].

For computehaptics afundamentateasorfor choosingo com-
putethe LEM elasticitysolutionusinga CMA formulation,is that
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the capacitancematrix® is the main quantity of interest: it is the
compliancematrix which relatesheforcefeedbackesponsédo the
imposedcontactdisplacementsAlso, the precomputatiorof GFs
effectively decouplesthe global deformationand force response
calculations so that the capacitancenatrix canbe extractedfrom
the the GFs at no extra cost; this is the fundamentaimechanism
by which a hapticinterfacecanef ciently interactwith a LEM of
very large compleity. The usercan feel no differencebetween
theforceresponsef the completesystemandthe capacitancena-
trix, becausenoneexists. Lastly, CMAs aredirect matrix solvers
whosedeterministicoperationcountis appealingfor realtime ap-
plications.

The secondpart of this paperaddresseshe special case of
point-like interaction. It haslong beenrecognizedhat point con-
tact is a corvenient abstractionfor haptic interactions,and the
PHANToM™ hapticinterfaceis a testamento that fact. While
it is possibleto consideithe contactareato betruly apointfor rigid
models,in nite contactpressuresre problematicfor elasticmod-
elsandtractionsneedto bedistributedover nite surfaceareasWe
proposeto do this ef ciently by introducingnodaltraction distri-
bution maskswhich addressat leasttwo coreissues.First, having
a point contactwith force distributed over a nite areais some-
what contradictory and the traction distribution is effectively an
underdetermineduantity without ary inherentspatialscale. This
is resoled by treatingthe contactas a single displacementon-
straintwhosetraction distribution entersasa user(or manipulan-
dum) speci ed parameter The distribution of force on the surface
of the modelcanthenbe consistentlyspeci ed in a fashionwhich
is independenbf the scaleof the mesh. Second given the model
is discrete specialcaremustbe takento ensurea sufciently reg-
ular forceresponsen the surface,sinceirregularitiesarevery no-
ticeableduring sliding contactmotions. By suitablyinterpolating
nodal traction distributions, displacementonstraintscan be im-
posedwvhichareconsistenwith regularcontacforcesfor numerous
discretizations.

Theremainderof the paperis organizedasfollows. After adis-
cussiomof relatedwork (x2), thenotationandde nitions for awide
classof linear elastostatienodelsusedhereinaregiven (x3). Fast
CMA:s for generalBVP solutionusingprecomputedsFsof a par
ticular referenceBVP type aredescribedn detailin x4. Particular
attentionis givento therole of the capacitancenatrix for the con-
structionof globally consistentstiffnessmatricesfor usein local
hapticbuffer models(x5). The specialcaseof point-like contacts
are consideredn detail, and we introduce (runtime computable)
vertex maskdor hapticpresentatiof surfacestiffness(x6). Some
resultsaregivenfor ourimplementationgx7) followed by conclu-
sionsanda discussiorof futurework (x8).

2 Related Work

While a signi cant amountof work hasbeendoneon interactive
simulation of physically-basedelastic models, e.g., in computer

ITheterm“capacitance’s dueto historicalconvention[16].



graphicg14], only arelatively small subsebf work hasaddressed
the simulationrequirementsof force feedbackcomputerhaptics.

Much of the computethapticsliteratureon deformablemodelshas

beenconcernedwith sugical simulation,while our focusis more

general.lt is not our intentto surwey all relatedhapticwork here,

but simply to mentionsomerelevant work combiningkinesthetic

forcefeedbackwith elasticmodels.

2.1 Elastostatic Models

Thereareseveralinstancesn the literatureof realtime simulation

of linear elastostatianodelshasedon precomputedsFs methods.
Thesemodelswere usedbecauseof their low runtime costs,and

desirableforce feedbackproperties.To dateonly polygonalmod-

elsbasedon FEM andBEM discretization$ave beenconsidered,
althoughothervariantsare possiblewithin the linear systemsde-

scriptionpresentedh thefollowing sections.

Of particularrelevanceis thework doneby researcherat INRIA
who have madeextensie useof arealtime elastostaticEM model
for liver relatedsumical simulationg6, 5, 9]. During a precompu-
tation phasethey have usedcondensationi35] aswell asiterative
methodq8] to computedisplacementesponseslueto unit forces
appliedto verticeson the “free” boundary At runtime, they solve
a small systemof equationgo determinethe correctsuperposition
of response$o satisfythe appliedsurfaceconstraintswhich may
beidenti ed asacaseof thecapacitancenatrix approachWe note
thatthe point-like contactapproactusedin [8] couldbene t from
pressuranaskconceptyx6). Recently they have usedanisotropic
materialpropertiesfor theliver [29]. Othergroupshave alsoused
theprecomputeelastostati¢-EM approactof [6] for sumgical sim-
ulation,e.g.,theKISMET sumgical simulator[23] incorporatepre-
computednodelsto provide high- delity hapticforcefeedback.

A limitation of the GF precomputatiorstratey is that incre-
mentalruntime modi cations of the model require extra runtime
computations.While it may be too costly for interactive applica-
tions,thiscanalsobeef ciently performediusinglow-rankupdating
techniguesuchasfor staticreanalysign the engineeringcommu-
nity [22]. For sumgical simulation,a practicalapproachhasbeen
to usea hybrid domaindecompositiorapproachin which a more
easily modi ed dynamicmodelis usedin a smallerregion to be
cut[9, 17].

Finally, the authorspresented interactize animationtechnique
in [21] which combinedprecomputedGFs of boundaryelement
modelswith matrix-updatingtechniquedor fastboundaryvalue
problem (BVP) solution. Although computerhapticswas an in-
tendedapplication, no force feedbackimplementationwas men-
tioned. Thispapemeneralizeshatapproactwith abroadGF-based
linearsystemdramenork thatsubsumethediscretizatiorissuef
both[21] andthe FEM approachesf [6, 8].

2.2 Other Elastic Models

Various approachehave beentaken to simulatedynamicelastic
models,by addressinggommonlyencounteredlif culties suchas
thecomputationatompleity of time-steppindD models andnu-
mericaltime integrationissuese.g., stiffnessand stability. In or-
derto meetthe intensedemandof force feedbackeenderingrates,
mosthave optedfor a multirate simulationapproach.It is worth
noting explicitly thatmethodsfor interactvely simulatingsoft dy-
namicobjectsarein mary wayscomplementaryo the CMA meth-
odspresentecherefor simulatingrelatively stiff LEM. A few no-
tableexamplesarenow mentioned.

Local buffer modelswere presentedy Balaniukin [2] for ren-
dering forces computedby e.g., deformableobject, simulators
which can not deliver forcesat fastrenderingrates. An applica-
tion of thetechniquewaspresentedor a virtual echographiexam
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training simulatorin [10]. While we do not usethe sameapproach
here, the local buffer model conceptis relatedto our capacitance
matrix methodfor force computation.

Astley andHayward [1] introducedan approximatiorfor linear
viscoelastidFEM modelsthatalsoexploits linearity, in this caseby
precomputingmultilevel Norton equivalentsfor the systems stiff-
nessmatrix. By doing so, haptic interactionis possibleby em-
ploying an explicit multirate integration schemewhereina model
associateavith thecontactregionis integratedat a higherratethan
theremainingcoarsemodel.

Cavugoglu and Tendick[7] alsousea multirate approach.Bal-
ancedmodelreductionof alinearizationof their nonlineardynam-
ical lumpedelementmodelis usedto suggest spatiallylocalized
dynamicmodelapproximatiorfor forcefeedbackendering While
promising,the exampleconsidereds a very specialcaseof a sup-
portedmodel,andit is unclearhow the local modelwould be de-
rivedin more genericgeometriccasesaswell asin the presence
of nonlocalin uencessuchasfor multiple changingcontactse.g.,
with sumgical tools.

Dehlunneet al. [11] presentedh space-timeapproachor simu-
lating a hierarchicamultiratedynamiclinearstrainmodel.Zhuang
andCanry [34] useadynamiclumped nite elemenmodelexhibit-
ing nonlinear(Greens) strain. It is capableof beingtime-stepped
at graphicsframe ratesfor sufciently soft objectsusing an ex-
plicit integrationschemeInteractize simulationof dynamicelastic
modelsexclusively for superquadrishapesvasconsideredy Ra-
manatharandMetaxaq31]. Volumetricandvoxel-basednodeling
approachefor sugical simulationhave alsobeenconsiderede.g.,
by Gibsonet. al. [13].

3 Linear Elastostatic
Preliminaries

Boundar y Model

Linear elastostaticobjects are essentiallythree-dimensionalin-
ear springs,and as suchthey are useful modeling primitives for
physically-basedimulations.The unfamiliar reademight consult
asuitablebackgroundeferencébeforecontinuing[3, 18,35,4, 21].

In this section,backgroundmaterialfor a genericdiscreteGF
descriptionfor a variety of precomputedinear elastostatianod-
elsis provided. ConceptuallyGFsform a basisfor describingall
possibledeformationsf a LEM subjectto a certainclassof con-
straints.Thisis usefulbecausét (1) providesa commonlanguage
to describeall discreteLEMs, (2) subsumesxtraneoudiscretiza-
tion detailsby relatingonly physicalquantitiesand(3) clari es the
generalityof theforcefeedbackalgorithmsdescribedater.

Another bene t of using GFsis that they provide an ef cient
meansfor exclusively simulating only boundarydata (displace-
mentsandforces)if desired While it is possibleto simulatevarious
internalvolumetricquantities(seex3.5), simulatingonly boundary
datainvolveslesscomputation.This is sufcient sincewe are pri-
marily concernedvith interactve simulationsthatimposesurface
constrainteandprovide feedbackvia surfacedeformationandcon-
tactforces.

3.1 Geometry and Material Properties

Giventhatthefastsolutionmethodis basedn linearsystemsrin-

ciples, essentiallyary linear elastostatianodelwith physical ge-
ometric and material propertiesis admissible. We shall consider
modelsin three dimensions,althoughmary argumentsalso ap-
ply to lower dimensions.Suitablemodelswould of courseinclude
boundedvolumetric objectswith variousinternalmaterialproper

ties, aswell as specialsubclassesuchasthin platesand shells.
Sinceonly a boundaryor interfacedescriptionis utilized for spec-
ifying userinteractionsptherexotic geometriesnayalsobe easily



consideredguchassemi-in nite domains gxterior elasticdomains,
or simply ary setof parametrizegurfacepatcheswith alinearre-
sponse . Similarly, numerougepresentationsf the surfaceandas-
sociateddisplacemenshapeunctionsarealsopossibleg.g.,poly-
hedral, NURBS or subdvision surfaceq32].

3.2 Nodal Displacements and Tractions

Let the undeformedboundarybe denotedby The changein
shapeof the surfaceis describedvy the surfacedisplacementeld
u(x), x 2 , andthe surfaceforce distribution is calledthe trac-
tion? eld p(x),x 2 . Wewill assumehateachsurface eld is
parametrizedy n nodalvariables(seeFigure 1), so that the dis-
cretedisplacemenandtractionvectorsare

u = Juiiiiue]” (1)
p = [osiinp] s @)

respectiely, whereeachnodalvalueis avectorin R®. Thisdescrip-
tion admitsa very large classof surfacedisplacemenandtraction
distributions.
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Figurel: lllustration of discrete nodal displacementsi de ned at
verticeson the undeformedboundary (solid blue line), thatre-
sultin a deformationof the surface(to dashededline). Although
harderto illustrate,a similar de nition exists for the tractionvec-
tor, p.

In orderto relatetractiondistributionsto forces,de ne a scalar
functionspacel-, onthemodels boundary:

L = spanf j(x); j=1:::n; X2 g; 3)
where | (x) is ascalabasisfunctionassociatesvith thej " node.
Thecontinuoudraction eld is thena 3-vectorfunctionwith com-
ponentsn L,

X
p0x) =

i=1

i (X)p;; (4)

The force on ary surfaceareais equalto the integral of p(x) on
thatarea. It thenfollows that the nodalforce associatedvith ary
nodaltractionis given by
z
fi=ap

where a = i(x)d x (5)

de nestheareaassociatedvith thej ™ node.

Our implementationuseslinear boundaryelementmodels,for
which the nodesare verticesof a closedtrianglemesh. The mesh
is modeledasa Loop subdvision surface[24] to corvenientlyob-
tain multiresolutionmodelsfor renderingaswell asuniformly pa-
rameterizedurfacesdealfor BEM discretizatioranddeformation
depiction. The displacementndtraction elds have convenient
vertex-baseddescriptions

u o= ulx); B = px);

2Surfacetractiondescribegorce perunit area.
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wherex; 2 isthej™ vertex. Thetraction eld is a piecavise
linearfunction,and ; (x) representa“hat function” locatedatthe
i vertex with i (x;) = 1: Given our implementationwe shall

oftenreferto nodeandvertex interchangeably

3.3 Discrete Boundar y Value Problem (BVP)

At eachstep of the simulation, a discreteBVP must be solved
which relatesspeci ed andunspeci ednodalvalues.e.g.,to deter
mine deformationandfeedbackforces. Without lossof generality
it shall be assumedhat either position or traction constraintsare
speci ed at eachboundarynode,althoughthis canbe extendedto
allow mixed conditions,e.g., normal displacementandtangential
tractions. Let nodeswith prescribeddisplacemenbr tractioncon-
straintsbe speci ed by the mutually exclusive index sets , and

p, respectiely, sothat \ ,=;and o[ ,=f1;2;::;5ng.
In orderto guaranteean equilibrium constraintcon guration we
will requirethatthereis at leastone displacementonstraint,i.e.,

u 6 ;. Weshallrefertothe( y; p) pairastheBVPtype

Typicalboundaryconditionsfor aforcefeedbackoop consistof
specifyingsome(compactlysupportedjlisplacementonstraintsn
theareaof contactwith “free” boundaryconditions(zerotraction)
andother(oftenzerodisplacementyupportconstraintoutsidethe
contactzone.Thesolutionto (7) yieldstherenderedtontactforces
andsurfacedeformation.

Denotetheunspeci edandcomplementargpeci ed nodalvari-
ableshby

u
and v; =

b piiz p ©

p
respectiely. By linearity of the discreteelasticmodel, therefor-

mally exists a linear relationshipbetweenrall nodalboundaryvari-
ables

0= Av+ Av= Av z‘ ©)

wherethe BVP systemmatrix A andits complementarynatrix A
are,in generaldenseblockn-by-n matriceq18]. Bodyforceterms
associatedvith otherphenomenag.g.,gravity, have beenomitted
for simplicity, but canbeincludedsincethey only addanextracon-
tributionto thez term.

A key relationshipbetweerBVP systemmatrices(A; A) of dif-
ferentBVP types( ; p) isthatthey arerelatedby exchange®f
correspondindlock columns,e.g., (A;j; A;j), andthereforesmall
changedgo the BVP type resultin low-rank changeso the BVP
systemmatriceg(seex4.2.1).

While the boundary-onlysystemmatricesin (7) could be con-
structedexplicitly, e.g.,via condensatiorior FEM models[35] or
using a boundaryintegral formulation (seenext section),it need
not bein practice. The discreteintegral equationin Equation? is
primarily a commonstartingpoint for later de nition of GFsand
derivationof the CMA, while GFsmaybegenerateavith arny con-
venientnumericalmethod,or even robotically scannedrom real
objects[28].

3.4 Example: Boundar y Element Models

A simple closed-formde nition of (A;A) is possiblefor mod-
elsdiscretizedwith the boundaryelementmethod(BEM) [4, 21];
BEM discretizationsare possiblefor modelswith homogeneous
andisotropic material properties. The surface-basecdhodal quan-
tities arerelatedby thedensdinearblock matrix system

X X
0=Hu Gp= hij u; 9i b (8)



whereG andH are n-by-n block matrices,with eachmatrix el-
ement,g; or hj , a 3-by-3in uence matrix with known expres-
sions[4]. In this casethej™ block columnsof A andA may be
identi ed ascolumnexchangedsariantsof G andH:

= Gj ]2 u

Aj = Hi © j2 9)
- Hi © j2 u

A = G, 2 (10)

While we use BEM modelsfor our implementationwe reiterate
thatthe CMA is independenbf the methodusedto generatethe
GFs(explainednext).

3.5 Fast BVP Solution with Green's Functions

GFsof asingleBVP type provide aneconomicameandor solving
(7) for thatBVP, andwhencombinedwith the CMA (x4) will also
be usefulfor solvingotherBVP types.From(7), the generalsolu-
tionof aBVP type( u; p) maybeexpressedn termsof discrete
GFS as

u + K (12)

wherethe discreteGFs of the BVP systemare the block column
vectors

= AAL

J , (12)

and

= A'A=[12 I (13)

Equation(11) may be taken asthe de nition of the discreteGFs
(andeven(7)), sinceit is clearthatthej " GF simply describeshe
linearresponsef the systemto thej " nodes speci ed boundary
value,v; . Oncethe GFshave beencomputedfor one BVP type,
that classof BVPs may be solved easilyusing(11). An attractive
featurefor interactive applicationss thatthe entiresolutioncanbe
obtainedn 18ns ops* if only s boundarwalues(BV) arenonzero
(or have changedsincethelasttime step). Temporalkcoherencenay
alsobeexploited by consideringhe effect of individual changesn
component®f v onthesolutionv.

Further leveraging linear superposition,each GF systemre-
sponseamay be augmentedvith otheradditionalinformationin or-
derto simulateotherprecomputablguantities. Volumetric stress,
strainanddisplacementiatamay alsobe simulatedat preselected
locations. Applications could use this to monitor stressesand
strainsto determineg.qg.,if fractureoccursor thata nonlinearcor
rectionshouldbe computed.

3.6 Precomputation of Green's Functions

Sincethe GFsfor asingleBVP typeonly dependn geometricand
materialpropertiesof the deformableobject,they maybe precom-
putedfor usein asimulation.This providesa dramaticspeed-ugor

simulationby determiningthe deformationbasis(the GFs) ahead
of time. While this is not necessara hugeamountof work (see
Table 2), the principal bene ts for interactize simulationsare the

availability of the GF elements/ia cheaplook-uptableoperations,
aswell asthe eliminationof redundantuntimecomputationwhen

3Noteon GF terminology:we areconcernedvith discretenumericalap-
proximationsof continuousGFs,however for corvenienceheseGF vectors
will simply bereferredto asGFs.

4countingboth+ and
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computingsolutions,e.g.,usinga hapticdevice to graba vertex of
themodelandmove it aroundsimply rendersasingleGF
Onceasetof GFsfor aLEM areprecomputedthe overall stiff-

nesscanbe varied at runtime by scalingBVP forcesaccordingly
however changesn compressibilityandinternalmaterialdistribu-
tions do requirerecomputation.In practiceit is only necessaryo
computethe GF correspondingo nodeswhich may have changing
or nonzeraboundaryaluesduringthe simulation.

4 Fast Global Deformation using Capaci-
tance Matrix Algorithms (CMAS)

This sectionpresentsan algorithmfor usingthe precomputedsFs
of arelevantRefeenceBVP (RBVP) typeto ef ciently solve other
BVP types. With an improved notation and emphasison com-
puterhaptics,this sectionuni es and extendsthe approachegre-
sentedn [21] exclusively for BEM models,andfor FEM models
in, e.g.,[6], in away thatis applicableto all LEMs regardlessof
discretization or origin of GFs[28]. Haptic applicationsare con-
sideredn x5.

4.1 Reference Boundary Value Problem (RBVP)
Choice

A key stepin the GF precomputatioprocesss theinitial identi -
cationof aRBVP type,denotedby ( 3; 9), thatis representatie
of the BVP typesarisingduring simulations.For interactionswith
an exposedfree boundarya commonchoiceis to have the uncon-
tactedmodelattachedo arigid supportasshovn in Figure2. The
n-by-n block systemmatricesassociatedvith the RBVP areiden-
ti ed with asubscripasAo andAo, andthecorrespondingFsare
hereaftemalwaysdenotedoy

Notethattheusers choiceof RBVP typedeterminesvhichtype
of nodalconstraintgdisplacemenof traction)arecommonlyspec-
ied (in orderto de ne ), butis independenof theactualnumer
ical boundaryvaluesv usedin practice.For example,thereareno
requirementghat certainboundaryvaluesare zero, althoughthis
resultsin fewer summationgsee(11)).

\ o

Free Boundary; Lg

Fixed Boundary; L8

Figure 2: RefeenceBoundaryValue Problem (RBVP) example:
TheRBVP associatetvith amodelattachedo a at rigid supports

shavn with boundaryregionshaving x ed( 1) orfree( p) nodal
constraintdndicated. A typical simulationwould imposecontacts
onthefreeboundarwia displacementonstraintswvith the CMA.

4.2 Capacitance Matrix Algorithm (CMA) for BVP
Solution

PrecomputedFsspeed-ughe solutionto the RBVP, but they can
alsodramaticallyreducethe amountof work requiredto solve re-
latedBVP whenusedin conjunctionwith CMAs. This sectionde-
scribesthe CMA andpresentshederivationof relatedformulae.



4.2.1 Relevant Formulae
Supposehe constraint-typeehangese.g.,displacemer traction,
with respecto theRBVP ats nodesspeci edby thelist of nodalin-

(6) and(7) thatthe new BVP systemmatrices(A; A) arerelatedto
thoseof the RBVP (Ag; Ao) by s block columnswaps. This may
bewrittenas

A = A+ Ao
A = A+ Ao

Ao EET (14)
Ao EE’ (15)

whereE is ann-by-s block matrix
h i
E= liSl |:SZ liSs

containingcolumnsof the n-by-n identity block matrix, I, speci-
ed by thelist of updatednodalindicesS. Postmultiplicationby
E extractscolumnsspeci ed by S. ThroughoutE is usedto write
sparsematrixoperationsisingdensedatae.g., , andliketheiden-
tity matrix, it shouldbe notedthatthereis no costinvolvedin mul-
tiplication by E or its transpose.
Sincethe BVP solutionis
v=A 'z= A Ay (16)
substituting(15) for A andthe Sherman-Morrison-\bdtury for-
mula[15] for A ! (usingtheGFde niton = A, *Ao),

Al=At+(+)E ET E) 'ETAY (17)

into (16),leadsdirectly to anexpressiorfor thesolutionin termsof
the precomputedsFs’. Theresultingcapacitancenatrix formulae

are
_ O 1
V= g LB
n 1 n s S S

04} 8)

S

whereC is the s-by-s capacitancematrix, a negatedsubmatrixof

C= E E (19)

andv(® istheresponsef theRBVP systemtoz=  Av,

vO = Ay tz= | EET  EE" v (20)

4.2.2 Algorithm for BVP Solution

With  precomputedformulae(18)-(20) immediatelysuggesian
algorithmgiventhatonly simplemanipulationof andinversion
of thesmallercapacitancesubmatrixarerequired.An algorithmfor
computingall component®f v is asfollows:

For eachnew BVP type (with a differentC matrix) encoun-
tered,constructandtemporarilystoreC ! (or LU factors)for
subsequentse.

Construcv© .

ExtractE’ v@ andapplythe capacitancenatrixinverseto it,
C Y(ETO).

Add the s column vectors (E+ ( E)) weighted by
C YE™V?)tov® forthe nal solutionv.

5Similarly from [21] with Ag= (Ag Ao)E.
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4.2.3 Comple xity Issues

Givens nonzerdboundaryalues eachnew capacitancenatrix LU
factorizationinvolves at most%s3 ops, after which eachsubse-
guentsolve involves approximatelyl8ns ops (s n). Thisis
particularlyattractve whens  n is small, suchasoftenoccursin
practicewith localizedsurfacecontacts.

An importantfeatureof the CMA for interactve methodds that
it is adirectmatrix solverwith adeterministicoperationcount. It is
thereforepossibleto predictthe runtimecostassociateavith each
matrix solve and associatedorce feedbacksubcomputationgsee
x5), thusmakingCMAs predictableor real-timecomputations.

4.3 Selective Deformation Computation

A major bene t of the CMA direct BVP solwer is thatit is possi-
ble to just evaluateselectedcomponentf the solution vector at
runtime, with the total computingcostproportionalto the number
of componentdesired. This is a key enablingfeaturefor force
feedbackwhere, e.g., contactforcesare desiredat differentrates
thanthe geometricdeformations.Selectve evaluationwould also
be usefulfor optimizing (self) collision detectionqueries avoiding
simulationof occludedor undesiredbortionsof the model,aswell

asrenderingadaptve level of detailrepresentations.

In general,ary subsetof solution componentanay be deter
minedat a smallercostthancomputingv entirely Let thesolution
be desiredat nodesspeci ed by the setof indicesD, with the de-
sired componentf v extractedby EJ. Using (18), the selected
solutioncomponentsnay be evaluatedas

Epv= Epv® + EL(E+ ( E)) C *ETVO

usingonly O(s? + sjDj) operations. The casewhereS = D is
especiallyimportantfor forcefeedbackandis discusse@xclusively
in thefollowing section.

5 Capacitance Matrices as Local Buffer
Models

For force feedbackenabledsimulationsin which userinteractions
are modeledas displacementonstraintsappliedto an otherwise
free boundarythe capacitancenatrix hasa very importantrole: it
constitutesanexactcontactforceresponsenodelby describinghe
complianceof the contactzone. Borrowing terminologyfrom [2],
we say that the capacitancamatrix can be usedas a local buffer
model. While the capacitancematrix is usedin x4.2.2to deter
mine the linear combinationof GFsrequiredto solve a particular
BVP andreconstructhe global deformation,it alsohasthe desir
able propertythatit effectively decoupleshe global deformation
calculationfrom thatof thelocal forceresponseThe mostrelevant
bene t for hapticsis thatthe local contactforce responsanay be
computedht amuchfasterratethanthe globaldeformation.

5.1 Capacitance Matrix Local Buffer Model

From(18),the S component®f thesolutionv are

h i
E'v = E V@ + (E+ ( E)) C tEVO

= EVO+ EF'E Cc 'EVO + ET E Cc EVO
{z-} —{z—

# I C (from (19))

= EVO +c EV® EWVO

ct ENVO (21)



Considetthesituation,which naturallyarisesn hapticinteractions,
in which the only nonzeroconstraintsare updateddisplacement
constraintsi.e.,

v= EE'v ) v (using(20)). (22)

In this case,the capacitancamatrix completelycharacterizeshe
local contactresponsesince(using(22) in (21))

E'lv= C 'E'v: (23)

This in turn parametrizeshe global responsesincethesecompo-
nents(notin S) are

VO =

h [
(1 EE") v@ + (E+ ( E)) C *ETVO
(I EET)( E)ETv) (24)

EET)E = 0. Such
to be usedto derive

(I EE")Wv =

wherewe have used(23) andthe identity (I

propertiesallow the capacitancenatrix and

ef cient local modelsfor surfacecontact.
For example,giventhe speci ed contactzonedisplacements

us = E'v; (25)
theresultingtractionsare
ps= Elv= C* E'v = C lug (26)
andtherenderedtontactforceis
f=alps= alC ' us= Ksus; (27)

whereKs is theeffective stiffnessof thecontactzoneusedfor force
feedbackendering,

as= (as;;as,:iiias) | s (28)
representsiodalareass), andl ; is the scalar3-by-3identity ma-
trix. A similar expressionmay be obtainedfor torquefeedback.

Thevisualdeformationcorrespondingo solutioncomponentsut-
sidethe contactzoneis thengivenby (24) usingps= E'v.

5.2 Example: Single Displacement Constraint

A simplecasewhichwill bediscusseih muchgreatedetailin x6,
is that of imposinga displacementonstrainton single a nodek
which otherwisehada tractionconstraintin the RBVP®. The new
BVP thereforehasonly a single constraintswitch with respecto
theRBVP andsos= 1 andS= fkg. The capacitancenatrix here
isjustC= xk sothatthek™ nodalvaluesarerelatedby

_ 1 — 1 — .
P = C "w = ( kk) Uk or Uc¢ = kkPg:

The capacitancenatrix cangeneratehe forceresponsef = ax p,,
requiredfor hapticsin O(1) operationsandfor graphicafeedback
the correspondingylobalsolutionisv="p,:

5.3 Force Feedback for Multiple Displacement
Constraints

When multiple force feedbackdevices are interactingwith the
model by imposingdisplacementonstraints the force and stiff-
nessfelt by eachdevice aretightly coupledin equilibrium. For
example, the stiffnessfelt by the thumbin Figure 3 will depend
on how the other ngers are supportingthe object. For multiple
contactdik e this, the capacitancenatrix again providesanef cient
forceresponsenodelfor haptics.Without presentinghe equations
in detail,we shalljust mentionthatthe force responsesor eachof
the contactpatchesanbederivedfrom the capacitancenatrixin a
mannersimilar to equationg25)-(28).

8This caseoccurs,for instancewhenthetip of a hapticdevice comes
into contactwith thefree surfaceof anobject.
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Figure3: Graspingsimulation: Usinga CyberTuchdatainput de-

vice from Virtual Technologiesnc. (Top), avirtual hand(Bottom)

wasusedto deformanelastostati®@EM modelwith approximately
900surfacedegreesof freedom(dof) atgraphicafframerates(> 30

FPS)on a personalcomputer The capacitanceanatrix algorithm

wasusedto imposedisplacementonstrainton an otherwisefree

boundaryoftenupdatingover 100dof perframe.While forcefeed-
backwasnotpresentthecapacitancenatricescomputectouldalso
have beenusedto rendercontactforcesat aratehigherthanthatof

thegraphicalsimulation.

6 Surface Stiffness Models for Point-like
Contact

The secondpartof this paperconcernsa specialclassof boundary
conditionsdescribingpoint-like contactinteractions.Suchinterac-
tionsarecommonlyin the hapticsliteraturefor rigid surfacemod-
els[26, 19]. Unlike their rigid counterpartsspecialcaremustbe
takenwith elasticmodelsto de ne nite contactareasfor point-like
interactionssincepoint-like contactsde ned only assingle-\ertex
(x5.2) or nearesheighbour8] constraintdeadto mesh-relatedr
tifacts,andambiguousdnteractionsasthe meshis re ned (seeFig-
ure4). However, the bene t of point-like contactscomesfrom the
convenienceof the point-like parameterizatiomf the contactand
not becausehe contactis highly concentratear “pin-like”. We
presentan approactusing vertex pressue maskswhich maintains
the single contactdescriptionyet distribute forceson a speci ed



scale. This allows point contactstiffnessego be consistentlyde-

ned asthemeshscaleis re ned, andprovidesanef cient method
for forcefeedbackenderingof forceswith regularspatialvariation
onirregularmeshes.

Figure4: Point contactmustnot betakenliterally for elasticmod-
els: This gure illustratesthe developmentof a displacemensin-
gularity associatedvith a concentratedurfaceforce asthe contin-
uumlimit is approachedn theleft image,anupwardunit forceap-
pliedto avertex of a discreteelasticmodelresultsin a nite vertex

displacementAs themodel's meshis re ned (middleandrightim-

age),the sameconcentratedorce load eventuallytendsto produce
asingulardisplacemenat the contactlocation,andthe stiffnessof

ary singlevertex approachegero (seeTable 1). Suchpoint-like
constraintaremathematicallyll-posedfor linearmodelsbasedn

a small-strainassumptionandcaremustbe taken to meaningfully
de ne theinteraction.

6.1 Vertex Pressure Masks for Distrib uted Point-
like Contacts

In this section, the distribution of force is described using
compactly-supportepervertex pressurenasksde ned onthefree
boundaryin the neighbourhooaf eachvertex.

6.1.1 Vertex Pressure Mask De nition

Scalarpressuranasksprovide a e xible meansfor modelingvec-
tor pressurdistributions associatedvith eachnode. This allows
a force appliedat the i nodeto generatea traction distribution
whichis alinearcombinatiorof f j (x)g andnotjust ;(x).

In the continuoussetting,a scalarsurfacedensity (x): ! R
will relatethelocalizedcontactorcef to theappliedtractionp via’
p(x) = (x)f

whichin turnimpliesthenormalizationcondition
z
(x)d x = 1 (29)

In the discretesetting,the piecaviselinearsurfacedensityon is

X
(x) = i(x) 2L, (30)

i=1

andis parameterizely the discretescalarvertex maskvector

Substituting30) into (29), thediscretenormalizationconditionsat-
is ed becomes
a' =1 (31)

wherea arethevertex areadrom (5). Noticethatthe maskdensity
hasunitsof _1-
In practice the vertex pressurenask maybespeci edin ava-
riety of ways. It could be speci ed at runtime,e.g.,asthe byprod-
uct of a physicalcontactmechanicsolution,or bea userspeci ed
quantity We shall considerthe casewherethereis a compactly

"Tensorvaluedmasksfor torquefeedbackcanalsobe computed.

Vol. 2, Numberl, Haptics-e Septembe27,2001
http://wwwhaptics-e.ay

supportedscalarfunction (x) speci ed at eachvertex on the free
boundary The correspondingliscretevertex mask maythenbe
de ned usingnodalcollocation(seeFigureb),

(x;);  i2 g; .
0; j2

followedby suitablenormalization,

to ensurehesatishctionof (31).

r(x) f

Figure5: Collocatedscalarmasks: A directmeandor obtaininga
relative pressureamplitudedistribution abouteachnode,is to em-
ploy a userspeci ed scalarfunctional of the desiredspatialscale.
The scalarpressuranaskis thengiven by nodalcollocation(left),

afterwhich the vectortractiondistribution associateavith a nodal
pointloadis thencomputechsthe productof theappliedforcevec-
tor andthe (compactlysupportedscalamask(right).

In the following, denotethe densitymaskfor thei™ vertex by
the n-vector ', with nonzerovaluesbeingindicatedby the setof
maslednodalindicesM ;. Sincetheintentionis to distributeforce
onthefreeboundarymaskswill only bede nedfori2 . Addi-
tionally, thesemaskswill only involve nodeson thefree boundary
M i 8 aswell asbenonemptyjM j > 0.

6.1.2 Example: Spherical Mask Functionals

Sphericallysymmetricradially decreasingnaskfunctionalswith
a scaleparametervere suitablecandidatesor constructingvertex
masksvia collocationon smoothsurfaces.Onefunctionalwe used
(seeFigure6 and7) hadlinearradialdependence,

o1 XX X ooxij<r;

i) = 0; ' otherwise: '

wherer speci es the radial scalé. The effect of changingr is
shavn in Figure6.

Figure 6: lllustration of changingmaskscale: An exaggerated
pulling deformationillustratesdifferent spatial scalesin two un-

derlying tractiondistributions. In eachcase pressurenaskswere

generatedisingthelinearsphericamaskfunctional(seex6.1.2)for

differentvaluesof theradiusparameten .

8r maybethoughtof asthesizeof the hapticprobestip.



(@a(x)

(b) KK (x)k
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(c) masledkK(x)k

Figure7: Effectof pressue maskson surfacestiffness: Evenmodelswith reasonableneshquality, suchasthis simpleBEM kidney model,
canexhibit perceptiblesurfacestiffnessirregularitieswhensingle-\ertex stiffnessesreused.A plot (a) of thevertex areaa, clearlyindicates
regionsof large (darkred)andsmall(light blue)triangles.In (b) thenormof the single-\ertex surfacestiffness kK (x)k, revealsa noticeable
degreeof mesh-relatedtiffnessartifacts.Ontheotherhand thestiffnessplottedin (c) wasgeneratedisinga pressurenask(collocatedinear
spherefunctional(seex6.1.2)of radiustwice the meshs meanedgelength)andbetterapproximateshe regular force responsexpectedof

suchamodel. Masksessentiallyprovide anti-aliasingfor stiffnessegle ned with discretetractiondistributions,andhelpavoid “soft spots..

6.2 Vertex Stiffnesses using Pressure Masks

Having consistentlycharacterizegboint-like force loadsusingver-
tex pressuramasks,it is now possibleto calculatethe stiffnessof
eachvertex. In thefollowing sectionsthesevertex stiffnesseswill
thenbe usedto computethe stiffnessat any point on models sur
facefor hapticrenderingof point-like contact.

6.2.1 Elastic Vertex Stiffness, KE
For ary single nodeon the free boundaryi 2 8 a nite force
stiffnessK; 2 R® 3, maybeassociatedvith its displacement,e.,

f=Ku; i2

As a sign corvention, it will be notedthat for ary single vertex

displacement

Ui f:Ui (Kiui) O; i2 g

sothatpositive work is donedeformingthe object.
Givenaforcef appliedatvertexi2 9, the correspondinglis-
tributedtractionconstraintsare

p = |f:

Sincethedisplacementf thei™ vertex is
X i
U = A
i2M

thereforethe effective elasticstiffnessof the maskedvertex is

0 I—

E X i : 0
Ki=K =@ A 2 ) (32
i2m

Someexamplesareprovidedin Tablel andFigure?.

Thereforejn thesimplecaseof asinglemasledvertex displace-
mentconstraintu;, the local force responsemodel exactly deter
minesthe resultingforce, f = K;u;, distributedin the masledre-
gion. Thecorrespondinglobally consistensolutionis

0 1

X .
v= =@ | Af

j2M

where ; is the corvolution of the GFswith themask , andchar
acterizeghe distributedforce load. The limiting caseof a single
vertex constraintorrespondso M ; = figwith | = j =& sothat
thecorvolutionsimpliesto ;= =g.

| MeshLevel | Vertices || kKke, Single | kKkg , Masled |

1 34 7.3 13.3
2 130 2.8 11.8
3 514 11 11.2

Tablel: \ertex stiffnessdependencen meshresolution: This ta-
ble shaws vertex stiffness(Frobeniushorms(in arbitraryunits) at
thetop centervertex of the BEM modelin Figure10(a),asgeomet-
rically modeledusingLoop subdvision meshedor threedifferent
levels of resolution. The stiffnesscorrespondindo a singlevertex
constraintexhibits a large dependencen meshresolution,andhas
amagnitudevhichrapidly decrease® zeroasthemeshis re ned.
On the otherhand,the stiffnessgeneratedising a vertex pressure
mask(collocatedlinear spherefunctional (seex6.1.2) with radius
equalto the coarses{level 1) meshs meanedgelength) hassub-
stantiallylessmeshdependenceyndquickly approacheanonzero
value.

6.2.2 Rigid Vertex Stiffness, KR

For rigid surfacesa nite forceresponsemay be de ned usingan
isotropicstiffnessmatrix,

KR - kRigidI3 2 R3 3; kRigid > 0
Thisis usefulfor de ning responseatpositionconstrainedertices
of adeformablemodel,

Ki=K% i2 @ (33)

for at leasttwo reasons.First, while it may seemphysically am-
biguousto considercontactinga constrainedodeof a deformable
object,it doesallow usto de ne aresponsdor theseverticeswith-
outintroducingothersimulationdependencie®.g.,how thehaptic
interactionwith the elasticobjectsupportis modeled.Secondwe
shall seein x6.3 thatde ning stiffnessresponsesat thesenodesis

importantfor determiningcontactresponsesn neighbouringrian-
gleswhich arenotrigid.



6.3 Surface Stiffness from Vertex Stiffnesses

Giventhe vertex stiffnessesf K; gi-, , the stiffnessof ary location
onthesurfaceis de ned usingnodalinterpolation

X
K(x) =
i=1

iKi; x2 (34)

so that (K(x)),, 2 L. Note that there are no more than three
nonzerotermsin the sumof (34), correspondindo the verticesof
thefacein contact.In thisway, the surfacestiffnessmaybecontin-
uouslyde ned usingonlyj gj freeboundaryertex stiffnessesand
asinglerigid stiffnessparametgrk™, regardlessof the extent of
the masks.The global deformationis thenvisually renderecusing
the correspondinglistributedtractionconstraints.

For a point-like displacementonstraintu appliedatx 2 ona
trianglehaving vertex indicesfi1;i2; i3g, thecorrespondinglobal
solutionis X

V= i i (x)f: (35)

i2f iq;i25i30\ g

This may be interpretedasthe combinedeffect of barycentrically

distributed forces, (x)f, appliedat eachof the triangle's three
masledvertex nodeswhichis consistentvith (38).

6.4 Rendering with Finite Stiffness Haptic De-
vices

Similar to haptic renderingof rigid objects, elastic objectswith

stiffnessegreatethansomemaximumrenderablanagnitudgdue
to hardware limitations) have forcesdisplayedas softer materials
duringcontinuouscontact.This canbeachieredusingahapticver-

tex stiffnessK!, whichis proportionato theelasticvertex stiffness,
KE. While the stiffnessesouldall be uniformly scaledon thefree
boundarythis canresultin very softregionsif themodelhasawide
rangeof surfacestiffness.Anotherapproachs to set

R
i:min 1;M

K= KE where =
KKEK

sothattheelastichapticmodelis never morestiff thanarigid hap-
tic model. The surfaces hapticstiffnessk"(x) is thendetermined
using(34),sothatkk"(x)k  kKRk;8x 2

In accordancevith force re ecting contact,the deformedelas-
tic statecorrespondso the hapticforce appliedat the contactlo-
cationx . This producesgeometriccontactcon gurations simi-
lar to that shavn in Figure 8, wherethe haptic displacementi
candiffer from the elasticdisplacementi®. The geometricdefor
mationis determinedrom the appliedforce f andequation(35).
Note that when the haptic and elastic stiffnessesare equal, such
asfor soft materials,then so are the elasticand haptic displace-
ments. In all casesthe generalizedgod object” [36] or “surface
contactpoint” [33] is de ned asthe parametridmageof x© onthe
deformedsurface.

7 Experimental Results

GFswereprecomputedsingtheboundaryelemenimethod(BEM)
with piecaviselinearboundaryelementsTable2 providestimings
for the BEM precomputatiorstagesaswell asthe submillisecond
costof simulatingpoint-like deformationsising GFs. Furthertim-
ingsof CMA suboperationareshavn in Table3, andre ect inter-
active performancdor modesnumbersof constraintypechanges,
s. All timings were performedusing unoptimizedJava code on
a single processoPentiumlll, 450MHz, 256MB computerwith
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Figure 8: Geometryof point-like contact: The surface of the
static/undeformedeometry(curveddashedine) andthatof thede-
formedelasticmodel(curvedsolid line) areshavn alongwith: ap-
plied force (f), staticcontactiocation(x©), deformedelasticmodel
contactlocation (xF), haptic probe-tiplocation (x), haptic con-
tact displacementu™ = x"  x%), elastic contactdisplacement
(UE=xE x°), staticcontacinormal(n®) andelasticcontacnormal
(nf). Oncethecontacts initiated by thecollision detectortheslid-
ing frictional contactcanbetrackedin surfacecoordinatest force
feedbackates.

SunsJDK 1.3clientJVM for Windows. Thesetimescanbesignif-
icantly reducedby using hardware-optimizednatrix libraries,and
currentcomputinghardvare.

An applicationof the CMA for multiple distributedcontactswith
unilateral contactconstraintswas the graspingtask illustratedin
Figure 3 usingthe LEM from Figure 10(a). A shortvideoclip is
alsoavailableonline[20].

Ourcurrentforcefeedbackmplementatioris basednthepoint-
like contactapproachdiscussedn the previous section. Forces
arerenderedby a 3 dof PHANToM™ hapticinterface(model 1.0
Premium),on a dual Pentiumll computerrunning Windows NT.
The haptic simulationwas implementedn C++, partly usingthe
GHOST® toolkit, andinterfacedto our ARTDEFO elastostatiob-
jectsimulationwrittenin Jasa™ andrenderedvith Java3D™ . The
frictional contactproblemis computedby the hapticseno loop at
1 kHz, which then prescribedboundaryconditionsfor the slowver
graphicalsimulationrunning at 25-80Hz. For a point-like con-
tact, it was only necessaryo perform collision detectionon the
undeformedmodel, so this wasdoneusingthe GHOST® API. A
photographof the authorsdemonstratinghe simulationis shavn
in Figure 9, anda numberof screenshotsfor variousmodelsare
showvn in Figure10. A shortvideoclip is alsoavailableonline[20].

We obsenedthatthevertex masksweresuccessfuin producing
noticeableimprovementsin the smoothnessf the sliding contact
force, especiallywhen passingover regions with irregular trian-
gulations(seeFigure 7). We have not conducteda formal human
study of the effectivenessof our simulationapproach. However,
the haptic simulationhasbeendemonstratedo hundredsof users
attwo conferencesthe10™ AnnualPRECARN-IRIS(Institutefor
RoboticsandIntelligent Systems)onferencgMontreal, Quebec,
CanadaMay 2000)andin the ACM SIGGRAPH2000Exhibition
(New Orleans,Louisiana,USA, July 2000). Usersreportedthat
the simulationfelt realistic. In generalthe precomputed EM ap-
proachwasfoundto be both stableandrobust.

8 Summary and Discussion
We have presentech detailedapproachfor real time solution of

boundaryvalue problemsfor discretelinear elastostaticmodels
(LEM), regardlesf discretizationusingprecompute@&Fsin con-
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(a) A simplenodularshapewith a x edbaseregion.

(b) A kidney-shapednodelwith positionconstrainedrerticeson partof the occludedside.

(c) A plasticspatulawith a positionconstrainedhandle.

(d) A seeminglygel- lled bananaicycle seatwith matchingmetalsupports.

Figure10: Sceenshotéromreal time haptic simulations:A wide rangeof ARTDEFO modelsareshavn subjectedo variousdisplacements
usingthe masled point-like contactsof x6. For eachmodel,the middle of thethree gures is uncontactedy the users interactionpoint (a
smallgreenball).

10
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| ElasticModel || # Vertices(n) | #Faces| Precomgmin) [ LUD % | Simulate(ms) |

Nodule 130v(89free) 256f 1.1 1.1% 0.05
Kidney 322v(217free) | 640f 7.7 3.1% 0.13
Spatula 620v(559free) | 1248f 45 5.7% 0.34
BananaSeat || 546v(245free) | 1088f 25 20.0% 0.15

Table2: GF precomputatiorand simulationtimes for the BEM modelsdepictedin Figure 10. All GFscorrespondingo moveablefree
vertices(in g) were computed.andthe precomputatioriime (Precomp)of the largestmodelis lessthanan hour. As is typical of BEM
computationgor modelsof modestize(n < 1000), the O(n?) constructiorof the matrices(H andG in equation8) is a signi cant portion
of thecomputatione.g.,relative to the O (n®) costof performingthe LU decompositioffLUD %) of the A matrix. Thelastcolumnindicates
thatsubmillisecondyraphics-loogomputationgSimulate)arerequiredto determinethe point contactdeformatiorresponsef eachmodel's

freeboundary

| #Updatess [| LU Factor(ms) | LU Solve (ms) [ ( E)(E"v) for n= 100(ms) |

10 0.54 0.03 0.38
20 2.7 0.15 0.74
40 19 0.58 1.7
100 310 5.7 5.7

Table3: Timingsof CMA subopeations suchasLU decompositiorfLU Factor)andback-substitutioifLU Solve) of the capacitancenatrix,
aswell astheweightedsummatiorof s GFs(per100nodes)areshavn for differentsizesof updatechodalconstraintss.

Figure9: : Photagyraph of simulationin use: Userswere ableto
push,slide andpull on the surfaceof the modelusinga point-like
manipulandumAdditionally, it waspossibleto changethe surface
friction coefcient, aswell asthe propertiesof the pressuramask,
with noticeableconsequencesThe PHANToM™ (heremodel1.0
Premium)wasusedin all forcefeedbaclsimulationsandis clearly
visible in theforeground.

junction with capacitancematrix algorithms(CMAs). The data-
driven CMA formulation highlightsthe specialrole of the capac-
itancematrix in computerhapticsas a contactcomplianceuseful
for generatingcontactforce and stiffnessmodels,and provides a
framework for extendingthe capabilitiesof thesemodels.

Additionally, theimportantspecialcaseof point-like contactwas
addressedvith specialattentiongiven to the consistente nition
of contactforcesfor haptics. While this topic hasbeendiscussed
before,we have introducedvertex masksto specifythedistribution
of contactforcesin awaywhichleadsto physically consistenforce
feedbackmodelswhich avoid the numericalartifactswhich leadto
nonsmoothrenderingof contactforceson discretemodels.aswells
asill-de ned contactdn thecontinuumlimit.

Thereare several issuesto be addressedby future work on the
simulationof LEMs for computethaptics.
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Oneof thepromisesof linear GF modelsis thatit shouldbepos-
sibleto precomputendhapticallytouchlarge-scalenodelsevenif
they aretoo large to be graphicallyrendered.However, the CMA
presentedhereis very ef cient for smallmodels(smalln) andlim-
ited constraintgsmalls), but furtheroptimizationsandrequiredfor
precomputingstoringandsimulatinglarge-scald EMs. Extending
LEMs to accomodatgeometricandmaterialnonlinearitiess also
an areaof study Resultsaddressingheseproblemswill appear
shortlyin subsequenpublications.

A key challengefor interactively renderingelasticmodelsis the
plausibleapproximatiorof friction in the presencef multiple dis-
tributedelastic-rigidandelastic-elasticontacts.While large con-
tact areasare a potential problemfor LEM haptics,i.e., due to
large updatecosts,the accompanping collision detectionandfric-
tion problemsappearto be at leastas dif cult. Incorporationof
LEMs into hybrid interactve dynamicalsimulationsis alsoarela-
tively unexploredarea.

Finally, the sameissueqperceptibleforce regularity andspatial
consisteng) which motivatedour approachor a single point-like
contact,also arisefor multiple point-like contactsandin general
with multiple distributedcontacts Thetight couplingof forcestiff-
nessedetweenall contactzones,andthereforeeach(networked)
force feedbackdevice, can make this a dif cult problemin prac-
tice.

A Justication of Interpolated Traction
Distrib utions for Point Contact

This sectionderivesthe nodalboundaryconditionsassociatedvith
alocalizedpoint contactat an arbitrary meshlocation. The prac-
tical consequences that the discretetraction distribution may be
corvenientlyinterpolatedfrom suitablenearbynodaldistributions
or masks.

Given a continuoussurfacetractiondistribution, p(x), a corre-
spondingdiscretedistribution ( x)p maybedeterminedy a suit-
ableprojectioninto L of eachCartesiarcomponenbf p(x). For
example,considerthe projectionof a scalarfunctionon de ned
astheminimizerof thescalarfunctionalE : R®" 7! R,

z
E(p) =

kp(x)  ( x)pks + kB ( x)pk3 d x;

whereB : L 7! R is somelinearoperatorthatcanbe used,e.g.,to



penalizenonsmoottfunctions,and (x) : R®*" 7! R® is anodal
interpolationmatrix de ned onthesurface,

) =T1a(x) 2(x)  n(x)]

wherel 3 is the 3-by-3 identity matrix. The EulerLagrangeequa-
tionsfor this minimizationare

P R
[ [Ri(X) ix)+ (B i(x))(B j(xNd x p
= i)p(XxX)d x i=1;2:00m;

which, in anolvious notation,is written asthe linear matrix prob-
lem

ls; x2

Ap= f (36)

to be solvedfor the nodaltractionvaluesp. NotethatA hasunits
of area.

Therelevanttractiondistributionfor point-like contacts ascale-
independentoncentrategointload
(x

X )

. Theforcen-vectorin

p(x)=p (x)=f

whichmodelsaforcef deliveredatx 2
equation(36) hascomponents

fi = i(X )f

andthe correspondingressurealistribution's nodalvaluesare
p=A f:

For compactlysupportedasisfunctions, i(x), f hasonly asmall
numberof nonzerocomponentgor ary givenx. Hence i(x ) are
the interpolationweightsdescribingthe contrikution of the nearby
nodalpressuralistributions,herespeci edby thecolumnsof A 1.

As anexample,considertheimportantcasewherel is acontin-
uouspiecavise linear functionspacewith i(xj) = j . Thiswas
the spaceusedin our implementation.In this case,at mostonly
threecomponentsf f arenonzerogivenby theindicesfiy;iz;izg
which correspondo verticesof the contactedriangle |, i.e., for

whichx 2 . Thevalues i (x ) arethebarycentriccoordinates
of x in . Thepressurdistribution's nodalvaluesarethen
p = A'f (37)
x3
= Al iy fik
k=1
x3 h . i
= (X)) A :ikf
k=1
x3 )
= e (x ) (38)
k=1

wherep('v) is the pressuralistribution correspondingo the appli-
cation of the load directly to vertex iy, and ()i, refersto block
columniy of the matrix. Thereforethe piecavise linear pressue
distribution for a pointload appliedat a barycentriclocationon a
triangle is equalto the barycentricaverage of the pressue distri-
butionsassociatedvith the pointload appliedat ead of thetrian-
gle's vertices. This may berecognizedasan elasticgeneralization
of forceshading[27] for rigid models.

Notethatthej " columnof A ! is avertex maskthatdescribes
thenodaldistribution of theloadappliedto thej " vertex. Modify-
ing thepenaltyoperatoB resultsin maskswith varyingdegreesof
smoothnesandspatiallocalization.
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